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ON AN OPEN QUESTION CONCERNING
PRODUCT-TYPE DIFFERENCE EQUATIONS
JULIUS FERGY T. RABAGO
Abstract. In [Acta Math. Univ. Comenianae Vol. LXXX, 1 (2011),
pp. 63–70], Yang, Chen and Shi examined the system of difference
equations
xn =
a
yn−p
, yn =
byn−p
xn−qyn−q
, n = 0, 1, . . . ,
where q is a positive integer with p < q, p ∤ q, p ≥ 3 is an odd num-
ber, both a and b are nonzero real constants, and the initial values
x
−q+1, x−q+2, . . . , x0, y−q+1, y−q+2, . . . , y0 are nonzero real numbers. At
the end of their note, they posted a question regarding the behaviour of
solutions of the given system when p is even. More precisely, they asked
what the solutions of the system may look like if p is even. In this note
we answer this question raised by the authors. Particularly, we show
that the system may or may not admit a periodic solution depending
on the coprimality of the parameters p and q and on the parity of the
integer p/ gcd(p, q).
1. Introduction
In a recent paper, Yang, Chen and Shi investigated the system of differ-
ence equation
(1) xn =
a
yn−p
, yn =
byn−p
xn−qyn−q
, n = 0, 1, . . . ,
where q is a positive integer with p < q, p ∤ q, p ≥ 3 is an odd number, both a
and b are nonzero real constants, and the initial values x−q+1, x−q+2, . . . , x0,
y−q+1, y−q+2, . . . , y0 are nonzero real numbers. They have showed in [11]
that all real solutions of the system are eventually periodic with period 2pq
(resp. 4pq) when (a/b)q = 1 (resp. (a/b)q = −1). Further, the authors [11]
characterized the asymptotic behavior of the solutions of (1) when a 6= b.
Their work is actually a generalization of a result seen in [10], wherein O¨zban
investigated the behavior of the positive solutions of the system of rational
difference equations
(2) xn =
a
yn−3
, yn =
byn−3
xn−qyn−q
, n = 0, 1, . . . ,
Date: December 30, 2017.
2010 Mathematics Subject Classification. Primary: 39A12, Secondary: 37B20.
Key words and phrases. Difference equations, system of equations, periodicity.
1
2 J. F. T. RABAGO
where q > 3 is a positive integer with 3 ∤ q, a and b are positive constants.
O¨zban particularly showed in [10] that for the case b = a, p = 3, q > 3,
and p not dividing q, all positive solutions of the system (1) are eventually
periodic with period 6q. Meanwhile, O¨zban’s work [10] was inspired by a
result found by Yang, Liu and Bai in [12]. In their four page note, Yang et
al. [12] investigated the system (1) for the case where p and q are positive
integers with p ≤ q, and a and b are positive constants. They have showed
that if b = a, and q is divisible by p, then every positive solution of (1) is
periodic with period 2q. In [6], an intriguing result regarding the behavior
of positive solutions of the higher-order difference equation
(3) xn =
cxn−pxn−p−q
xn−q
, n = 0, 1, . . . ,
where p, q ∈ N and c > 0, was obtained by Iricˇanin and Liu through an
elegant and short way. One particular results they presented in (3) reads
as follows: if c = 1 in (3) and gcd(p, q) = 1, and p is odd, then all positive
solutions of (3) are eventually periodic with period 2pq. Their result was in
fact inspired by earlier results presented in [9, 10] and [12]. Similar nonlinear
systems of rational difference equations were also investigated, see, e.g.,
Cinar [1], Cinar and Yalc¸inkaya [2, 3, 4], Cinar et al. [5], and O¨zban [8].
Now, our aim in this work is to answer a question raised by Yang et
al. at the end of their paper [11]. Particularly, we shall described here the
behavior of solutions of (1) in the case when p is even. We mention that
Yang et al. [11] already made a preliminary observation on the behavior
of solutions of (1) when p is even. More specifically, they have observed,
after some numerical experimentations, that (1) is non-periodic when p is
even. Here we show, through an analytical approach, that this observation
is in fact true whenever gcd(p, q) = 1, i.e. q is odd and that, in addi-
tion, every positive solution of (1) when b = a has an exponentially grow-
ing/decaying subsequence irrespective of the choice of positive initial val-
ues x−q+1, x−q+2, . . . , x0, y−q+1, y−q+2, . . . , y0 on this case. Every solution,
however, will be periodic of period m, where m denotes the least common
multiple of p and 2q, if p/ gcd(p, q) is odd. On the other hand, if p/ gcd(p, q)
is even, then every solution of (1) behaves in a similar fashion as in the case
when gcd(p, q) = 1. That is, there is some subsequence of the solution {xn}
(resp. {yn}) which tends to infinity (resp. converges to zero) (cf. Theorem
1). We emphasize that the problem raised by Yang et al. in [11] remains
open since Iricˇanin and Liu [6] only deal with the case when p is odd in (1),
which is not of interest here.
Remark 1. By an eventually periodic solution {(xn, yn)} := {(xn, yn)}
∞
n=−(q−1)
of (1), we mean that there exist an integer n0 ≥ −q+1 and a positive integer
pi such that
(xn+n0+pi, yn+n0+pi) = (xn+n0 , yn+n0), n = 1, 2, . . . ,
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and pi is called a period (cf. [7]). If, regardless of the choice of initial values
x−q+1, x−q+2, . . . , x0, y−q+1, y−q+2, . . . , y0, no such values of n0 and pi exist,
then every solution of (1) is not and can never be periodic.
2. Main Results
In this section we show that the system (1) can never have a periodic or
eventually periodic solution when p is even and q is odd. If, however, q is
even, then the existence of periodic solution of (1) depends on the parity of
p/ gcd(p, q). Our approach parallels that seen in [6].
We only consider the case when b = a in (1) with all of its initial values
taken from the set of positive real numbers. The same inductive lines,
however, can be followed to show a similar result for the case b = −a and
even for the more general case given by system (1).
To show that (1) has no periodic solution, it suffices to prove that every
solution of (1) has an increasing subsequence (or, perhaps, a decreasing
subsequence) regardless of the choice of initial values x−q+1, x−q+2, . . . , x0,
y−q+1, y−q+2, . . . , y0.
With this idea in mind, we now proceed as follows. First, we transform
the first equation in (1) to
xnxn−q = xn−pxn−p−q, n = 0, 1, . . . .
Since xn > 0 for all n ≥ 0, then taking the natural logarithm of both sides
of the above equation and making the subtitution an := lnxn, we get
an + an−q − an−p − an−p−q = 0.
Using the ansatz an = λ
n ∈ R, we obtain the polynomial equation
P (λ) := λp+q + λp − λq − 1 = (λp − 1)(λq + 1) = 0.
From here on, we consider two possibilities: (i) gcd(p, q) = 1; and (ii)
gcd(p, q) > 1.
CASE 1: Suppose that gcd(p, q) = 1 or equivalently, q is odd. Then, it is
evident that λ = −1 is a root of P (λ) = 0 of order two. Denote this repeated
root by λ1 and λp+1, i.e., let λ1 = λp+1 = −1. Then, the explicit formula
for the sequence {an} is of the form
an = c1λ
n
1 + cp+1nλ
n
p+1 +
p+q∑
i=2
i 6=p+1
ciλ
n
i ,
for some real numbers c1, c2, . . . , cp+q. Note that P (λ) = 0 has all of its roots
on the unit disk |ζ| ≤ 1. Denote these roots by {λi}
p+q
i=1 where {λi}
p
i=1 are the
corresponding roots of λp− 1 = 0 and {λi}
p+q
i=p+1 are the roots of λ
q +1 = 0.
Clearly, λpi = 1 for all 1 ≤ i ≤ p and λ
2q
i = 1 for all p+ 1 ≤ i ≤ p+ q. Since
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p ∤ q, then λ2pqi = 1 for all 1 ≤ i ≤ p+ q. Hence,
a2pqn = c1 + 2cp+1pqn+
p+q∑
i=2
i 6=p+1
ci.
Suppose cp+1 > 0, then for sufficiently large N ∈ N, a2pqn will eventually be
increasing for n ≥ N , in fact we’ll have
a2pqn −→∞ as n→∞.
Going back to the relation an = lnxn, we see that
x2pqn = exp {a2pqn} −→ ∞ as n −→∞.
Moreover, we have
y2pqn −→ 0 as n −→ ∞.
Therefore, the subsequence {x2pqn} (resp. {y2pqn}) will tend to infinity (resp.
converges to zero) exponentially. Thus, every solution of (1) can never be
periodic when gcd(p, q) = 1, or equivalently, when q is odd.
CASE 2: Now, the case gcd(p, q) > 1 needs a little more work. Suppose
gcd(p, q) = 2ru for some odd integer u ≥ 1 and integer r > 0. Then, the
roots of P (λ) = 0 can be expressed as
(4)


exp
{
(2k + 1)pii
q
}
, k = 0, 1, . . . , q − 1,
exp
{
2lpii
p
}
, l = 0, 1, . . . , p − 1.
Let p = 2rus and q = 2rut where s < t and s ∤ t. The roots of P (λ) = 0
are simple if and only if
2k + 1
2rut
6=
2l
2rus
, for each k, l ∈ N0,
or equivalently
(5) (2k + 1)s 6= 2lt, for each k, l ∈ N0.
We consider two separate subcases, namely: (a) p/ gcd(p, q) is odd; and (b)
p/ gcd(p, q) is even.
Subcase 2.1: Clearly, if s is odd (i.e., p/ gcd(p, q) is odd), then the in-
equality (5) always holds. Hence, the roots of (1) are distinct. Moreover,
since λ2q = 1, then the explicit formula for amn takes the form
amn+t =
p+q∑
i=1
ciλ
mn+t
i =
p+q∑
i=1
ciλ
t
i = at, ∀n = 0, 1, . . . ,
for each t = {0, 1, . . . ,m− 1}, where m := lcm(p, 2q) denotes the least com-
mon multiple (lcm) of p and 2q. Therefore, an is eventually periodic with
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period m. Since an = lnxn for all n = 0, 1, . . ., then xn, as well as yn, are
also eventually periodic.
Subcase 2.2: Now, if p/ gcd(p, q) is even (i.e., s = 2r0s0 < t for some inte-
gers r0, s0 > 0 with s0 being odd), then t must be odd, otherwise gcd(p, q) >
2ru. Evidently, (5) does not hold since the equality (2k + 1)2r0−1s0 = lt
may hold true by choosing appropriate values for l, k ∈ N0. For instance, if
r0 = 1, then we can choose l = s0 and k = (t−1)/2. In general, we can take
l = 2r0−1s0 and k = (t − 1)/2. Since the inequality was not satisfied, then
P (λ) = 0 has at least one repeated root. Without loss of generality, let λj
be a root of P (λ) = 0 of order two and m be the least common multiple of
p and 2q. By arguing as in the first case, we see that the subsequence
amn = cjmnλ
mn
j +
p+q∑
i=1
ciλ
mn
i = cjmn+
p+q∑
i=1
ci
−→∞ as n −→∞.
Again, going back to the relation an = lnxn, the above result leads us to
conclude that when gcd(p, q) > 1 and p/ gcd(p, q) is even, a subsequence of
the solution to (1) grows/decays exponentially. Thus, every solution in this
case is non-periodic.
We remark that every solution to (1) when b = −a has the same behav-
ior as those in the case when b = a. The only difference is that every real
solution of (1) for b = −a oscillates at 0. This can be seen easily from the
relation xnxn−q = −xn−pxn−p−q. In fact, if {(xn, yn)} is a solution to (1)
with positive initial values, then there is some subsequence {|xmn+t|} (resp.
{|ymn+t|}) which tends to infinity (resp. converges to zero) exponentially.
We summarize our discussion in the following theorem for the case b = a.
A similar conclusion can be established for b = −a.
Theorem 1. Let {(xn, yn)} be a solution to (1). Then, the the following
statements are true:
(i) If gcd(p, q) = 1, then the solution {(xn, yn)} of system (1) has a
subsequence {x2pqn} (resp. {y2pqn}) that tends to infinity (resp. con-
verges to zero) exponentially, and vice versa.
(ii) If gcd(p, q) > 1, and p/ gcd(p, q) is odd, then the solution {(xn, yn)}
of system (1) is eventually periodic with period m, where m denotes
the least common multiple of p and 2q.
(iii) If gcd(p, q) > 1 and p/ gcd(p, q) is even, then the solution {(xn, yn)}
behaves in a similar fashion as in (i).
Some illustrations which shows different behaviors of various solutions
of system (1) for the case b = a with random positive initial values are
illustrated in Figures (1)–(5).
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Figure 1. It is noticeable from the above illustration that
the system of difference equation
xn =
1
yn−2
, yn =
yn−2
xn−3yn−3
, n = 0, 1, . . .
has a solution {xn} (resp. {yn}) with a subsequence {x6n+s}
(resp. {y6n+t}) (0 ≤ s, t < 6) that tends to infinity. This
result, moreover, agrees with Theorem 1–(i)
Remark 2. We remark that a similar system has been studied by O¨zban in
[9] wherein he investigated the behavior of positive solutions of the system
xn+1 =
1
yn−k
, yn+1 =
yn−k
xn−myn−m−k
, n = 0, 1, . . . ,
where k is a nonnegative integer and m is a positive integer. His main
result states that all solutions of the above system of difference equations are
periodic with period 2m+ 2k + 2. In particular, when b = a and k = 0, all
solutions of above equation is periodic with period 2q + 2.
3. Conclusion
In this short note, we have investigated the behavior of positive solutions
of the system
xn =
a
yn−p
, yn =
byn−p
xn−qyn−q
, n = 0, 1, . . . ,
for b = a, where q is a positive integer with p < q, p ∤ q, and p is an
even number. We have found that every solution of the above system when
b = a, with p > 0, is non-periodic and has a subsequence that grows/decays
exponentially whenever q is odd. However, a periodic solution of the given
system occurs when gcd(p, q) > 1 and p/ gcd(p, q) is odd. In this case, the
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Figure 2. The above figure illustrates the behavior of an-
other solution of the system
xn =
1
yn−2
, yn =
yn−2
xn−3yn−3
, n = 0, 1, . . . .
Observe that after N = 25, there is some subsequences
{x6n+s} and {y6n+t} which both tends to infinity for n ≥ N
period of the solution appears to be equal to the least common multiple of p
and 2q. On the other hand, a similar behavior as for the case when q is odd
was observed when gcd(p, q) > 1 and p/ gcd(p, q) is even. Consequently, our
result settled the question raised by Yang et al. in [11] about the behavior
of solution of the given equation on the case when p is even and q > p in
the given system.
Appendix
From the polynomial equation P (λ) = (λp−1)(λq+1) = 0, it is clear that
λ = 1 is a simple root. Hence, a particular solution to the non-homogeneous
equation
(6) an + an−q − an−p − an−p−q = ln c, c := a/b,
has the form
apn = An
from which, by simple computation, leads to A = ln(c/2p). Thus, if gcd(p, q) >
1 and p/ gcd(p, q) is odd, then the general solution of equation (6) takes the
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Figure 3. The above figure shows an interesting behavior
of solutions of the system
xn =
1
yn−6
, yn =
yn−6
xn−10yn−10
, n = 0, 1, . . . .
Clearly, as the above system satisfies the conditions in The-
orem 1–(ii), we then have a periodic solution of period
lcm(6, 2 × 10) = 60
form
xn = e
an = cn/2p exp
{
p−1∑
l=0
(
αl,1 cos
2lpin
p
+ αl,2 sin
2lpin
p
)
+
q−1∑
k=0
(
βk,1 cos
(2k + 1)pin
q
+ βk,2 sin
(2k + 1)pin
q
)}
.
We can write xn as xn = c
n/2pxˆn, where xˆn denotes the positive solution of
equation (6) with c = 1.
From above discussion, together with Theorem 1–(ii), we get the following
results.
Theorem 2. Assume that c ∈ (0, 1), gcd(p, q) > 1 and p/ gcd(p, q) is odd
and let m = gcd(p, 2q), then every positive solution of (6) converges geo-
metrically to zero. Moreover, for each t ∈ {0, 1, ...,m − 1}, the subsequence
{xmn+t}n∈N0 converges monotonically to zero as n tends to infinity.
Theorem 3. Assume that c > 1, gcd(p, q) > 1 and p/ gcd(p, q) is odd and
let m = gcd(p, 2q), then every positive solution of (6) tends to infinity.
Moreover, for each t ∈ {0, 1, ...,m− 1}, the subsequence {xmn+t}n∈N0 grows
exponentially as n tends to infinity.
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Figure 4. Another interesting illustration for Theorem 1–
(ii) is shown above. In this example, the system
xn =
1
yn−60
, yn =
yn−60
xn−84yn−84
, n = 0, 1, . . . ,
has been considered. A simple computation for the period m
of the solution gives us m = lcm(60, 2 × 84) = 840
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Figure 5. The above figure illustrates the behavior of a par-
ticular solution of the system
xn =
1
yn−4
, yn =
yn−4
xn−6yn−6
, n = 0, 1, . . . .
Evidently, that particular solution of the given system be-
haves accordingly to Theorem 1–(iii)
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